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w  . .xIn Bandelt and Dress Ad¨ . in Math. 92 1992 , 47]105 the concept of a
coherent decomposition of a finite metric is introduced and it is conjectured that
every such metric can be decomposed into a coherent sum of prime metrics in a
unique way. In this note we give a counterexample to this conjecture. Q 1997
Academic Press
w xIn 2 the concept of a coherent decomposition of a finite metric is
introduced and it is conjectured that every such metric can be decomposed
into a coherent sum of prime metrics in a unique way. In this note we give
a counterexample to this conjecture. In particular, we give a metric space
consisting of six points, such that the metric can be decomposed into the
sum of prime metrics in two distinct ways. This example arose from
ongoing work in which we are trying to understand the structure of metrics
on six points.
Let X be a finite set and let d: X 2 ª R be a metric, that is, a map
  . .which vanishes on the diagonal d x, x s 0 for all x g X and that
  .  .  .satisfies the triangle inequality d x, y F d x, z q d y, z for all x, y, z
.  .g X . We assume that d x, y s 0, x, y g X, does not necessarily imply
that x s y. If we require that this condition hold, then we call d a proper
 .metric. We call the pair X, d a finite metric space. We associate an
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< X <  .unbounded polytope, P : R , to the pair X, d : X , d.
P d [ f g R < X < ¬ f x q f y G d x , y . 4 .  .  .  .
 4nA decomposition of a metric d is a finite set of metrics d defined oni is1
X such that
d x , y s d x , y q ??? qd x , y .  .  .1 n
for all x, y g X. A coherent decomposition of a metric d is a decomposi-
tion of d such that
P d s P d q ??? qP d , .  .  .1 n
where
P d q ??? qP d [ f q ??? qf ¬ f g P d . 4 .  .  .1 n 1 n i i
A nonzero metric d on X is a coherent component of d if there exists a1
coherent decomposition of the form d s l ? d q d for some l ) 0 and1 2
some metric d on X. A coherent decomposition d s d q d is nontri¨ ial2 1 2
if d / ld for any l G 0. If d has no nontrivial coherent decomposition,1
then d is called a prime metric.
Certain coherent decompositions have important applications. For ex-
w xample, in 2 the concept of the split decomposition of a metric is intro-
duced, which has been successfully applied to problems arising in mathe-
w xmatical biology 1 . Because we use this decomposition in this note, it is
convenient for us to define it here. A split of a finite set X is a bipartition
 4of X into two nonempty sets. Given a split S s S , S of X, we associate1 2
a metric to this split, called a split metric, by setting
0, if x , y g S or x , y g S ,1 2d x , y [ .S  a , otherwise.
w xIn 2, Theorem 2 it is proven that there exists a unique decomposition of
any metric into a weighted sum of split metrics plus a split-prime metric.
This is called the split decomposition. Moreover, it is proven that the split
decomposition is coherent.
There is a criteria for showing that a decomposition is coherent, which
w xinvolves the T-construction 5 . The T-construction of a finite metric space
 .  .X, d , which we denote by T d , is defined to be the set of minimal
 .  .  .elements of P d with respect to the order f F g if and only if f x F g x
w x  .for all x g X, where f , g g X. In 3 , it is proven that T d can also be
described as the set of functions f g R X which satisfy
f x s sup d x , y y f y 4 .  .  .
ygX
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 .for all x g X. Also, it is shown that T d is the union of the compact faces
 .  .of P d , so that T d is the union of a set of polytopes, and that there is
 .  .  .an isometric embedding of X, d into T d , where we endow T d with
the L metric.`
We now consider a decomposition of d into two metrics d and d . In1 2
w x2, p. 89 it is stated that d s d q d is a coherent decomposition if and1 2
 .  .  .  .only if T d : T d q T d . In fact, we only need to show that T d :1 2
 .  .P d q P d . We now prove two lemmas which exploit these criteria.1 2
First note that any metric d on X defines an equivalence relation on X,
 .which we denote by ; , by setting x ; y if and only if d x, y s 0 ford d
Äall x, y g X. We define a proper metric d on the equivalence classes of
Ä .  .; , denoted Xr; , by setting d Y, Z s d y, z for any y g Y, z g Z,d d
Äwhere Y, Z g Xr; . Note that d is clearly well defined.d
ÄLEMMA 1.1. A metric d on X is prime if and only if the proper metric d on
Xr; is prime.d
Ä .Proof. Note that if F g T d , then the map f : X ª R is an element of
 .  .  .T d , where f y [ F Y for y g Y, where Y g Xr; . Moreover, anyd
 .f g T d can be constructed in this way.
Suppose that d s d q d is a nontrivial coherent decomposition. Then,1 2
 .by the preceding criteria, given any f g T d we can write f s g q h,
 .  .where g g T d and h g T d .1 2
Now note that if x ; y, then x ; y and x ; y for all x, y g X.d d d1 2
 .  .Thus we can define d , i s 1, 2, on Xr; by setting d Y, Z [ d y, zi d i i
for y g Y, z g Z, and Y, Z g Xr; . Now it is easy to check thatd
Ä  .  .f s G q H for some G g T d and H g T d .1 2
The proof of the opposite implication is similar.
The second lemma that we prove gives a method for checking whether a
decomposition is coherent or not.
LEMMA 1.2. Suppose that d s d q d is a decomposition of a metric d1 2
 .defined on X. If e¨ery ¨ertex of T d can be written as a sum of an element
 .  .of T d plus an element of T d , then d q d is a coherent decomposition1 2 1 2
of d.
 .Proof. Let f be an element of T d . We need to show that f s g q h,
 .  .  4where g g T d and h g T d . Let f ¬ 1 F i F n , be the set of vertices1 2 i
 .  .  .of T d . Since T d is the union of polytopes, any element f g T d is an
 .element of a minimal face of T d , in the sense that f is contained in no
 .smaller face of T d . Hence, f can be written as a convex linear combina-
 .tion of the vertices of this face. In other words, any element f g T d can
be written in the form f s n a ? f , where a G 0 and n a s 1.is1 i i i is1 i
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By assumption, we can write f s g q h , 1 F i F n, where g is ani i i i
 .  .  . nelement of T d and h is an element of T d . Define g x [  a ? g1 i 2 is1 i i
n  .  .and h [  a ? h . We claim that g g P d and h g P d , whichi is1 i i 1 2
proves the lemma by the preceding criteria.
 .  .  .  .  .Since g g T d , we have g g P d , i.e., g x q g y G d x, y fori 1 i 1 i i 1
 .  . n   .  ..all x, y g X. However, then g x q g y s  a ? g x q a ? g y Gis1 i i i i
 .  .d x, y for all x, y g X, which proves that g g P d . The same argument1 1
 .shows that h g P d .2
w xWe now give our counterexample to 2, Conjecture, p. 97 .
  4 .EXAMPLE. Let X s A, B, C, D, E, F , d be the six point metric space
defined by taking the graph metric d on the graph in Fig. 1, where we
 .assign length 2 to each edge. The vertices of T d are the original vertices
 6 w xwe regard these as elements of R , under the embedding described in 3 ,
 .so, for example, A s 0, 4, 2, 2, 2, 2 , where we index the coordinates from
.  .A through F of the graph plus four new vertices: 1, 3, 1, 1, 3, 3 ,
 .  .  . 1, 3, 3, 3, 1, 1 , 3, 1, 1, 1, 3, 3 , and 3, 1, 3, 3, 1, 1 these were computed with
w xa Mathematica program developed for 6 ; alternatively, they can be
.computed by hand.
Let d and d be the metrics defined by the matrices1 2
d A B C D E F d A B C D E F1 2
A 0 2 1 1 1 1 A 0 2 1 1 1 1
B 2 0 1 1 1 1 B 2 0 1 1 1 1
C 1 1 0 2 2 2 C 1 1 0 0 2 2
D 1 1 2 0 2 2 D 1 1 0 0 2 2
E 1 1 2 2 0 0 E 1 1 2 2 0 2
F 1 1 2 2 0 0 F 1 1 2 2 2 0
FIGURE 1
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FIGURE 2
These metrics can also be pictured as K graph metrics with the2, 3
appropriately labelled vertices as in Fig. 2. It is simple check to see that
 .  .  .each vertex of T d is the sum of a vertex of T d and a vertex of T d1 2
  .  .  ..for example, 1, 3, 1, 1, 3, 3 s 0, 2, 1, 1, 1, 1 q 1, 1, 0, 0, 2, 2 , and so the
decomposition d s d q d is coherent by Lemma 1.2. Moreover, since1 2
w x.the K metric is prime 2, p. 95 both metrics d and d are prime by2, 3 1 2
Lemma 1.1.
The split decomposition of d computed using the program SplitsTree
w x.4 is given by
d s d q d q d , A , C , D4 , E , F , B4  A , E , F 4 , B , C , D4 K 2 , 4
where d denotes the split metric associated to split S , S of X, andS , S 1 21 2
d is the metric arising from the K graph, with the two elementK 2, 42, 4
 4subset of vertices identified with A, B and the four element subset of
 4vertices with C, D, E, F . Finally, the fact that d is prime can be easilyK 2, 4
checked using the primeness of the four K subgraphs of K .2, 3 2, 4
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